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Abstract
In this paper, we propose a novel variational framework for image denoising corrupted by impulsive heavy-tailed Cauchy
noise. The proposed model integrates a weighted fractional-order total variation (FOTV) regularization with an adaptive
spatial weighting strategy and a nonconvex Cauchy data-fidelity term. The fractional regularizer, formulated in the Caputo
sense, introduces a tunable smoothness control through the fractional order. It enables a flexible balance between local edge
preservation and global texture smoothing, while the adaptive weight modulates the regularization strength according to local
image structures. To efficiently minimize the resulting nonconvex and nonsmooth energy, we derive a split Bregman iterative
algorithm coupled with a half-quadratic reformulation of the Cauchy fidelity, leading to tractable weighted least-squares
subproblems solved via the conjugate gradient method. Furthermore, a Bayesian optimization framework is incorporated to
automatically tune the key model parameters based on the PSNR metric. This data-driven calibration improves convergence
robustness and ensures optimal trade-offs between noise suppression and detail preservation without manual intervention.
We also establish the existence of minimizers of the model in the weighted fractional bounded-variation space. Numerical
experiments on synthetic and benchmark images show that the proposed model achieves superior robustness to outliers and
better preservation of fine structures compared to classical TV, FOTV, and nonlocal variational models. Quantitative results in
terms of PSNR, SSIM, SNR, and relative error confirm the effectiveness, adaptivity, and stability of the proposed approach.

Keywords Caputo fractional derivative · Weighted fractional-order TV · Split Bregman · Bayesian optimization · Cauchy
noise · Image denoising

1 Introduction

Image denoising remains a core problem in imaging science.
It aims to recover a clean image from an observed, corrupted
one.Classicalmethods assumeadditiveGaussian noise. Total
variation (TV) regularization is a standard tool for that case.
TV preserves edges while removing small-scale noise. How-
ever, TV often yields piecewise-constant solutions and can
remove fine texture [1–3]. Classical variational approaches
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to image denoising have long been framed within a Bayesian
maximum a posteriori (MAP) perspective, whereby a noise
model and a prior on the clean image lead to an energy min-
imization formulation. Early work in this direction, such as
the variational MAP estimation framework of Hamza and
Krim [4], established a principled connection between prob-
abilistic image priors and variational energyminimization for
denoising. In this framework, a Markov random field prior
is combined with an appropriate noise likelihood to derive
an energy functional whose minimizer corresponds to the
MAP estimate of the clean image. Subsequent developments
include formulations that unify probabilistic and variational
estimators [5].

In many practical imaging systems, the noise deviates
significantly from the Gaussian assumption. Heavy-tailed
distributions such as the Cauchy noise better describe impul-
sive or outlier-contaminated data. Such noise occurs in sonar,
radar, ultrasound, and other medical imaging modalities [6,
7]. Since Cauchy noise has undefined variance and long
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tails, Gaussian-based fidelity terms fail to yield reliable
reconstructions. Robust data-fidelity terms derived from the
Cauchy or other nonconvex likelihoods are therefore essen-
tial for effective denoising in such settings.

Fractional-order total variation (FOTV) extends the classi-
cal TV by replacing integer-order derivatives with fractional
ones [8, 9]. The fractional order introduces a tunable degree
of smoothness control, offering a flexible balance between
edge preservation and texture smoothing. This helps model
medium-range dependencies and reduces the staircasing arti-
facts typical of first-order TV.

The nonlocal behavior induced by fractional-order deriva-
tives is closely related to that of explicit nonlocal variational
models, such as nonlocal total variation (NLTV), which
exploit patch-based or graph-based similarities to preserve
repetitive textures and long-range dependencies [10, 11].
While NLTV-type approaches have demonstrated strong per-
formance in texture preservation, their effectiveness strongly
depends on the robustness of similarity measures, which can
be severely degraded in the presence of heavy-tailed impul-
sive noise such as Cauchy noise. In addition, the construction
and manipulation of nonlocal operators entail high computa-
tional andmemory costs [12, 13]. In contrast, fractional-order
regularization provides an implicit and computationally effi-
cient way to capture nonlocal interactions without relying
on explicit patch similarity computations. Recent studies
demonstrate that fractional-ordermodels enhance both visual
quality and quantitative performance in image restoration
tasks [14–16]. FOTV has also been successfully applied in
super-resolution reconstruction [16], image registration [17],
and texture or hyperspectral image classification, where its
nonlocal nature improves the discriminative representation
of spatial structures.

Spatially adaptive weighting further improves the flexi-
bility and performance of fractional-order models. Weighted
FOTV allows the regularization strength to vary across the
image, enabling strong smoothing in homogeneous regions
while preserving fine structures and sharp transitions in tex-
tured or high-contrast areas. The weights may be constructed
using local gradients, structure tensors, or related features,
leading to enhanced edge-aware regularization. Recent stud-
ies on weighted or hybrid fractional-order TV models report
superior visual fidelity and quantitative performance com-
pared to their unweighted counterparts [18, 19]. Building
upon these advances, the weighted Caputo fractional-order
total variation model proposed in this work remains local in
formulation while implicitly capturing nonlocal interactions
through fractional derivatives, providing a computationally
efficient framework for robust Cauchy noise removal.

Solving variational models that combine nonconvex data-
fidelity terms with fractional or nonlocal regularizers is
computationally demanding. The split Bregman (SB) frame-
work [2, 20, 21] offers an efficient solution strategy by

decoupling nonsmooth and nonlocal terms into simpler sub-
problems, each admitting closed-form or fast solvers. It has
proven highly effective for L1-type and fractional-order reg-
ularizations.

Despite these advances, model performance still depends
heavily on the selection of hyperparameters, such as the reg-
ularization weight, fractional order, and penalty terms in the
SB framework.Manual tuning is time-consuming and subop-
timal. To address this, we incorporate BayesianOptimization
(BO) [22, 23] for automated hyperparameter selection. BO
provides a principled probabilistic framework to optimize
the parameters of complex, nonconvex objectives with lim-
ited evaluations. This strategy ensures a consistent balance
between fidelity and regularization terms across different
images and noise levels.

In this paper, we propose a novel weighted FOTV model
with a Cauchy-based robust data-fidelity term, optimized
through a Bayesian optimization-driven parameter tuning
scheme. The proposed method is implemented using a SB
solver combined with a half-quadratic reformulation of the
Cauchy fidelity, resulting in a tractable sequence of weighted
least-squares problems solved efficiently via the conjugate
gradient method.

The main contributions of this research work are the fol-
lowing

(i) We propose a new variational formulation that integrates
a robust Cauchy data-fidelity term with a spatially adap-
tive weighted FOTV regularizer formulated in the Caputo
sense.

(ii) We establish the existence of minimizers for model in the
weighted fractional bounded-variation space.

(iii) We derive an efficient SB algorithm combined with a
half-quadratic reformulation to handle the nonconvex and
nonsmooth nature of the model.

(iv) We introduce a Bayesian optimization framework (BO)
for automatic tuning of hyperparameters.

(v) We conduct comprehensive experiments on synthetic, nat-
ural, and medical images, including grayscale and color
cases.

In particular, the proposed method combines a spatially
adaptive weighting strategy with a BO-based parameter tun-
ing scheme. While the weighting mechanism adapts the
data-fidelity term locally according to image structures in
order to preserve edges and fine details while suppressing
outliers, BO globally optimizes the model parameters to
best exploit this adaptivity. This joint design significantly
enhances denoising performance and robustness.

The remainder of the paper is organized as follows. Sec-
tion2 introduces Cauchy noise statistics, fractional deriva-
tives, and formulates the proposed weighted FOTV-Cauchy
model. Section3 presents the SB solver and half-quadratic
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reformulation. Section4 describes the discretization strategy
and the Bayesian optimization framework for hyperparam-
eter tuning. Section5 reports numerical experiments and
comparisons for grayscale and color images. Finally, Sect. 6
concludes the paper and outlines possible extensions.

2 Weighted fractional-order total variation
model

2.1 Cauchy fidelity term

Let � ⊂ R
2 be the image domain. Let f : � → R be the

observed noisy image. We assume an additive Cauchy noise
model:

f (x) = u(x) + η(x), with η(x) ∼ Cauchy(0, γ ),

where γ > 0 is the scale parameter. The objective is to find a
restored image u : � → R from f . The Cauchy distribution
has heavy tails. From the Cauchy log-likelihood the data-
fidelity term reads [6, 7, 24]:

D(u; f ) =
∫

�

log
(
1 + ( f (x) − u(x))2

γ 2

)
dx .

This loss is nonquadratic and robust to large outliers. It is
widely used for Cauchy noise restoration.

Proposition 1 Let γ > 0 and define the Cauchy log-loss

φγ (r) = log(1 + r2

γ 2 ). Then, the following statements hold:

(i) φγ ∈ C2(R) with φ′
γ (r) = 2r

γ 2+r2
, and φ′′

γ (r) =
2(γ 2−r2)
(γ 2+r2)2

.

(ii) φγ is convex for |r | ≤ γ and concave for |r | > γ .
(iii) As |r | → ∞, φγ (r) ∼ 2 log |r | − 2 log γ .
(iv) |φ′′

γ (r)| ≤ 2/γ 2.

All statements follow fromdirect differentiation and standard
calculus inequalities. We omit the proof.

2.2 Caputo fractional derivative

We work with fractional order α ∈ (1, 2). We first give the
definition of the directional Caputo derivative and Caputo
gradient in 2D.

Definition 1 [25] Let � = (ax , bx ) × (ay, by). For u : � →
R and α ∈ (1, 2), define directional Caputo derivatives

CDα
x u(x, y) := 1

�(2−α)

∫ x

ax
(x − t)1−α ∂2t u(t, y) dt,

CDα
y u(x, y) := 1

�(2−α)

∫ y

ay
(y − s)1−α ∂2s u(x, s) ds.

The Caputo fractional gradient is the vector

∇α,Cu := (CDα
x u, CDα

y u
)T

.

2.3 Weighted fractional total variation
regularization

In this subsection, we introduce the definition and main
properties of the weighted fractional-order total variation
(FOTVα

w),whichgeneralizes both the classicalTV [3] and the
unweighted fractional total variation (FOTVα) [8]. This oper-
ator combines spatial adaptivity through a weight function
and nonlocal behavior through the fractional-order differen-
tiation.

Definition 2 Let w : � → R+ be a bounded positive weight
and 0 < l = n − 1 < α < n. The weighted fractional total
variation of u ∈ L1(�) is defined as

FOTVα
w(u) = sup

v∈Vα
w

∫
�

( − u divαv(x)
)
dx, (1)

where for all x ∈ �

Vα
w =

{
v = (v1, v2) ∈ Cl

0(�,R2)
∣∣ ‖v(x)‖L∞(�,R2) ≤ w(x)

}
.

and divαv = ∑2
i=1

∂αvi
∂xα

i
denotes the fractional divergence

operator of order α. Here, ∂αvi
∂xα

i
represents a fractional deriva-

tive along the xi direction in the Caputo sense.

When α = 1, FOTVα
w reduces to the classical weighted

total variation. When w(x) ≡ 1, the definition coincides
with the FOTVα [8, 26]. We define the space of functions of
weighted α-bounded variation as

BV α
w (�) =

{
u ∈ L1(�) : FOTVα

w(u) < ∞
}

,

equipped with the norm

‖u‖BV α
w (�) = ‖u‖L1(�) + FOTVα

w(u).
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Lemma 1 The space BV α
w (�), endowed with the norm ‖ ·

‖BV α
w (�), is a Banach space.

Proof The proof follows directly from standard arguments of
completeness in BV α spaces [8] combined with the bound-
edness of the weight w(x), 0 < w0 ≤ w(x) ≤ w1 < ∞.

�


We can also define the weighted fractional Banach-type
space [8, 26]

Wα
1,w(�) =

{
u ∈ L1(�)

∣∣ ‖u‖Wα
1,w(�) < ∞

}
,

where the weighted fractional norm is

‖u‖Wα
1,w(�) =

∫
�

|u(x)| dx +
∫

�

w(x) |∇α,Cu(x)| dx,

Proposition 2 Assume u ∈ Wα
1,w(�) and that the directional

Caputo derivatives C Dα
x u and C Dα

y u exist in L1(�). Then,

FOTVα
w(u) =

∫
�

w(x) |∇α,Cu(x)| dx .

Similarly as [8], we can show:

Proposition 3 The functional FOTVα
w : L1(�) → [0,+∞)

satisfies:

1. FOTVα
w is convex and positively homogeneous;

2. FOTVα
w is lower semi-continuous with respect to L1(�)

convergence;
3. If w is bounded below by a positive constant, FOTVα

w is
coercive in BV α(�).

The weighted fractional total variation inherits the edge-
preserving property of classical TV and reduces the staircas-
ing effect due to the fractional-order operator. The weight
function w(x) provides local adaptivity: Regions with small
w values (typically edges) experience less smoothing, while
homogeneous areas (large w) are more regularized.

2.4 Proposedmodel and its well-posedness

In this subsection,we introduce an adaptive variationalmodel
for image restoration under Cauchy noise. The model com-
bines a robust nonconvex fidelity term derived from the
Cauchy log-likelihood with a weighted FOTV regularizer
that captures both nonlocal smoothness and local adaptivity.
We then consider the minimization problem

min
u∈BV α

w (�)

{J (u) = λD(u; f ) + FOTVα
w(u)

}
, (2)

where 1 ≤ α ≤ 2 denotes the fractional order, w : � → R+
is a bounded positive weight, and λ > 0 is a regularization
parameter.

The spatial weight w(x) is designed to adapt the regu-
larization strength to local image structures. It is defined as

w(x) = exp
( − |∇(Gσ ∗ u)(x)|), (3)

where Gσ denotes a Gaussian smoothing kernel with stan-
dard deviation σ > 0. This choice assigns smaller weights
near edges and larger weights in homogeneous regions,
thereby preserving sharp transitionswhile enforcing stronger
smoothing in flat areas. The Gaussian smoothing improves
robustness to noise and avoids spurious oscillations in the
weight map.

Let the domain � be discretized on a uniform grid of
N × M pixels with spacing h. Denote Ui, j and Fi, j the
discrete image values and the discrete weight matrix W =
(Wi, j ) with Wi, j > 0 the weights. In vectorized form,
we stack the image column-wise into u ∈ R

NM . We con-
sider a discrete approximation of the Caputo derivative for
1 < α < 2 by discretizing the integral in the Caputo defini-
tion and approximating u′′ by second-order finite differences
[27]. The resulting one-dimensional backward approxima-
tion in the x-direction and y-direction reads

(Dα,C
x U)i, j = h−α

�(2−α)

i−1∑
m=0

a(α)
m �2

xU i−m, j , (4)

(Dα,C
y U)i, j = h−α

�(2−α)

j−1∑
n=0

a(α)
n �2

yU i, j−n, (5)

where the centered second finite difference along the x-and
y-axis is, respectively, given by

�2
xUk, j = Uk+1, j − 2Uk, j + Uk−1, j

�2
yUi,k = Ui,k+1 − 2Ui,k + Ui,k−1,

and the corresponding quadrature weights in the x- and y-
directions are

a(α)
� = (� + 1) 1−α − � 1−α, with � = m, n.

We then define the discrete Caputo fractional gradient
magnitude at pixel (i, j) by

Gi, j (U) =
√(

Dα,C
x Ui, j

)2 + (
Dα,C

y Ui, j
)2

.
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Therefore, using the discrete Caputo operators above the dis-
crete energy reads

J (U) =
N∑
i=1

M∑
j=1

log
(
1 + (Fi, j−Ui, j )

2

γ 2

)
+ λ

N∑
i=1

M∑
j=1

Wi, j Gi, j (U). (6)

Theorem 1 Let the discrete weight map satisfy 0 < wmin ≤
Wi, j ≤ wmax < ∞ for all i, j, and fix λ > 0, γ > 0.
For a given observed image F ∈ R

N×M, the discrete energy
(6) J : RN×M → R attains at least one global minimizer
U∗ ∈ R

N×M.

Proof It is clear that J (U) is continuous on R
N×M . Now,

we show that J (U) is coercive. Assume, for contradiction,
that J is not coercive. Then, there exists a sequence {Uk} ⊂
R

N×M such that ‖Uk‖2 → ∞ but J (
Uk

) ≤ C for some
fixed C > 0 and all k. Write each Uk as Uk = sk Vk , with
sk := ‖Uk‖2 ≥ 0, and ‖Vk‖2 = 1. Then, we have sk → ∞.

BecauseVk ∈ R
NM has unit �2 norm, at least one compo-

nent ofVk hasmagnitude at least 1/
√
NM . Concretely, there

exists an index (ī, j̄) with |Vk
ī, j̄

| ≥ 1√
NM

. For that pixel, we

estimate the fidelity contribution of Uk to get

φī, j̄

(
Uk
ī, j̄

) = log
(
1 +

(
Fī, j̄ − skVk

ī, j̄

)2
γ 2

)

≥ log
(
1 +

(|sk | |Vk
ī, j̄

| − |Fī, j̄ |
)2

γ 2

)

≥ log
(
1 +

(
sk/

√
NM − |Fī, j̄ |

)2
γ 2

)
.

As sk → ∞, the lower bound above behaves like 2 log sk +
O(1). Hence, φī, j̄

(
Uk
ī, j̄

) → +∞ as k → ∞. Because all

terms in J are nonnegative, the divergence of a single pixel
fidelity term forces J (Uk) → +∞, contradicting the uni-
form bound hypothesis ofJ . Therefore,J is coercive. Since
J is continuous and coercive on the finite-dimensional space
R

N×M , any sublevel set {U : J (U) ≤ C} is closed and
bounded, hence compact. By the Weierstrass extreme value
theorem, J attains its minimum on such a compact sub-
level set. Thus, there exists at least one global minimizer
U∗ ∈ R

N×M . �


3 SB solver for the Caputo weighted FOTV

We solve the discrete minimization problem (6) using the
SB algorithm. Introduce an auxiliary vector field d =
(d(x), d(y)) to decouple the nonlocal fractional gradient from
the non-differentiable �1 term:

di, j ≈ ∇α,CUi, j = (
Dα,C
x Ui, j , Dα,C

y Ui, j
)T

.

The constrained problem becomes

min
U,d

λ
∑
i, j

log
(
1 + (Fi, j − Ui, j )

2

γ 2

)
+

∑
i, j

Wi, j |di, j | (7)

s.t. d − ∇α,CU = 0. (8)

Then, we write the augmented Lagrangian version for the
constrained problem (7)-(8) with penalty parameter β > 0:

L(U,d;b) = λ
∑
i, j

log
(
1 + (Fi, j−Ui, j )

2

γ 2

)

+
∑
i, j

Wi, j |di, j |

+β

2

∑
i, j

∥∥di, j − ∇α,CUi, j + bi, j
∥∥2
2, (9)

where b is the scaled Bregman variable. The SB iteration
alternates minimization in U, in d, and updates b [2]. It is
difficult to minimize the energy (9) with respect to U, d, and
b jointly. Thus, in each iteration, the original problem (9) can
be split as follows

Uk+1 = argmin
U

L(U,dk;bk), (10)

dk+1 = argmin
d

L(Uk+1,d,bk), (11)

bk+1 = bk + ∇α,CUk+1 − dk+1. (12)

3.1 U-subproblem

At each outer SB iteration k, the u-update (10) solves

Uk+1 = argmin
U

λ
∑
i, j

φγ

(
Fi, j − Ui, j

)

+β

2

∑
i, j

∥∥dki, j − ∇α,CUi, j + bki, j
∥∥2
2, (13)

Since φγ is globally nonconvex, the problem (13) is noncon-
vex and challenging to solve directly. To obtain a tractable
surrogate, we employ a half-quadratic reformulation that
introduces an auxiliary variable ω > 0 and expresses the
Cauchy potential as the minimum of a family of convex
quadratic functions.

The half-quadratic theory, also known as variable-splitting
or quadratic majorization, asserts that a wide class of differ-
entiable penalties φ : R → R+ admits the representation

φ(r) = min
ω>0

{
1
2 ω r2 + ψ(ω)

}
, (14)

for some convex function ψ : R+ → R. Eliminating the
auxiliary variable ω by inner minimization recovers the
original φ. This decomposition is the theoretical basis of
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the majorization–minimization, iteratively reweighted least
squares, and half-quadratic frameworks [28–30].

Lemma 2 Let γ > 0. Then, φγ admits an exact half-
quadratic representation (14), where the auxiliary potential
ψ : (0,∞) → R can be chosen as

ψ(ω) = − lnω + γ 2

2
ω + ln

(
2
γ 2

)
− 1. (15)

Moreover, the minimizing weight is

ω�(r) = 2

γ 2 + r2
, r �= 0, (16)

which satisfies 0 < ω�(r) ≤ 2/γ 2.

Proof Define for fixed r the function of ω > 0

�r (ω) := 1
2 ω r2 + ψ(ω).

We aim to choose ψ so that infω>0 �r (ω) = φγ (r).
Differentiate�r with respect toω and set to zero to obtain

the optimality condition

∂ω�r (ω) = 1
2r

2 + ψ ′(ω) = 0 �⇒ ψ ′(ω) = − 1
2r

2.

To make this relation explicit, we use the slope-matching
condition commonly used in half-quadratic constructions

ω�(r) = φ′
γ (r)

r
= 2

γ 2 + r2
.

Invert this relation to express r2 in terms of ω gives r2 =
2
ω

−γ 2. Substitute into ψ ′(ω) = − 1
2r

2, and integrating with
respect to ω yields

ψ(ω) = − lnω + γ 2

2 ω + C,

for an arbitrary integration constant C . Now, evaluate �r at
the stationary ω = ω�(r)

�r (ω
�) = 1

2ω
�r2 − lnω� + γ 2

2 ω� + C

= r2

γ 2 + r2
− ln

( 2

γ 2 + r2

)
+ γ 2

γ 2 + r2
+ C

= 1 − ln 2 + ln(γ 2 + r2) + C .

We want �r (ω
�) = φγ (r) = ln(γ 2 + r2) − ln γ 2, which

holds if and only if C = ln
(

2
γ 2

)
− 1.

Because �r is strictly convex in ω for ω > 0 (its sec-
ond derivative equals ω−2 > 0 up to the constant term), the
stationary point is indeed the global minimizer; hence,

min
ω>0

�r (ω) = �r (ω
�) = φγ (r).

This proves the exact representation (14) with ψ given by
(15). �


The identity above allows us to rewrite the nonconvex u-
subproblem (13) as the following jointly convex problem in
(u, ω):

min
U,ω>0

λ
∑
i, j

{
1
2ωi, j (Fi, j − Ui, j )

2 + ψ(ωi, j )
}

+β

2

∑
i, j

‖dki, j − ∇α,CUi, j + bki, j‖22. (17)

Alternating minimization in U and ω gives:

(a) ω-step: For fixed Uk , minimize over ωi, j independently
using (16):

ωk+1
i, j = 2

γ 2 + (Fi, j − Uk
i, j )

2
. (18)

(b) u-step: With ωk+1 fixed, minimize the quadratic func-
tional

Uk+1 = argmin
U

λ

2

∑
i, j

ωk+1
i, j (Ui, j − Fi, j )

2

+β

2

∑
i, j

∥∥dki, j − ∇α,CUi, j + bki, j
∥∥2
2.

This is a convex weighted least-squares problem that
can be solved efficiently by conjugate gradient methods,
using the Caputo operator and its adjoint for matrix–
vector products:

(
λOk + β divα∇α,C)

Uk+1 = λOkF + β divα(dk − bk),

(19)

where Ok = diag(ωk
i, j ), and divα denotes the discrete

adjoint of the Caputo gradient operator.

3.2 d-subproblem

For each pixel, the d-update (11) is a 2D isotropic soft-
thresholding

dk+1
i, j =

argmin
d

∑
i, j

{
Wi, j |di, j | + β

2

∥∥d − ∇α,CUk+1
i, j + bki, j

∥∥2
2

}
.
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This is a closed form, and its solution is given explicitly by

dk+1
i, j =

max
{
0, 1 − Wi, j

β‖∇α,CUk+1
i, j + bki, j‖2

} (
∇α,CUk+1

i, j + bki, j

)
, (20)

with the convention 0
0 = 0. This formula is identical to

weighted shrinkage used in TV but applied to the discrete
Caputo gradient.

We then summarize the four updates (U,d, ω,b) in Algo-
rithm 1.

Algorithm 1 SBsolver: Split–Bregman for Caputo weighted
FOTV and Cauchy fidelity

Input: noisy image F, weightsWi, j , λ, penalty β, Caputo operator,
tol Initialize U0 = F, d0 = ∇α,CU0, b0 = 0, λ, β, α and k = 0

1: while ‖Uk+1 − Uk‖/‖Uk‖ > tol or k < kmax do
2: Compute (18) for ωk

i, j .

3: Solve (19) for Uk+1.
4: Compute shrinkage-formula (20).
5: Compute the Bregman update bk+1 = bk + ∇α,CUk+1 − dk+1

6: k ← k + 1
7: end while

Output: denoised image Uk+1

Theorem 2 The sequence {(Uk, ωk,dk,bk)} generated from
Algorithm 1 converges from any initialization to a stationary
point of the augment Lagrangian

Lβ(U,d, ω;b) = λ
∑
i, j

(
1

2
ωi, j (Fi, j − Ui, j )

2 + ψ(ωi, j )

)

+
∑
i, j

Wi, j |di, j | + β

2

∑
i, j

‖di, j − ∇α,CUi, j + bi, j‖22.

(21)

Remark 1 The proof follows the standard ADMM and
split Bregman convergence framework, combining sufficient
decrease arguments [2, 31, 32], nonconvex extensions [7, 33],
and the Kurdyka–Łojasiewicz inequality [34, 35].

At iteration k, the variables ωk+1, Uk+1, and dk+1 are
obtained by exact minimization of Lβ with respect to each
block variable while keeping the others fixed. Since each
subproblem is convex, this yields the sufficient decrease in
property

Lβ(Uk+1,dk+1, ωk+1;bk) ≤ Lβ(Uk,dk, ωk;bk),

and thus, the sequence {Lβ(Uk,dk, ωk;bk)} is non-
increasing.

Moreover, since ωk > 0, all terms of Lβ are bounded
from below, and hence, inf Lβ > −∞. In addition, Lβ

is coercive with respect to (U,d). Therefore, the sequence
{(Uk,dk, ωk,bk)} remains in a compact sublevel set and is
bounded [34]. Consequently, it admits accumulation points.

Let (U∗,d∗, ω∗,b∗) be one such accumulation point. By
the exact optimality of each subproblem, (U∗,d∗, ω∗,b∗)
satisfies the first-order optimality conditions of the aug-
mented Lagrangian and is therefore a critical point of Lβ

[35]. By consistency of the splitting constraints, U∗ is a sta-
tionary point of the original energy functional (6).

Finally, Lβ is a finite sum of polynomial and quadratic
functions, an �1-norm, and a real-analytic function defined
on ω > 0. Since the discrete Caputo fractional operator
∇α,C is linear, Lβ is a proper lower semi-continuous defin-
able function and satisfies the Kurdyka-Łojasiewicz property
[34, 35]. The classical KL convergence theorem then ensures
that the whole sequence {(Uk,dk, ωk,bk)} converges to
(U∗,d∗, ω∗,b∗).

4 Numerical implementation

4.1 Discretization

For the discretization, we employ a matrix-free implementa-
tion following Algorithm 1. Using the backward quadrature
form of the Caputo derivative in (4)–(5), the discrete opera-
tors can be expressed in matrix form as

Dα,C
x U = h−α

�(2 − α)
Aα U, Dα,C

y U = h−α

�(2 − α)
UBT

α ,

where Aα ∈ R
N×N and Bα ∈ R

M×M are lower-triangular
Toeplitz matrices whose entries are generated by the one-
dimensional fractional weights a(α)

� = (� + 1)1−α − �1−α .
Let U ∈ R

N×M be the image and u = vec(U ) ∈ RNM

its column-wise vectorization. In vectorized form, the two-
dimensional fractional gradient yields the stacked discrete
gradient operator

∇α,Cu = h−α

�(2 − α)

[
(IM ⊗ Aα)

(Bα ⊗ IN )

]
u ∈ R

2NM .

The discrete adjoint operator is defined by the transposes
of the discrete Dα,C

x and Dα,C
y . Denote the stacked field

p = [p1;p2] ∈ R
2NM where p1,p2 correspond to the two

directional components. Then, the adjoint operator (∇α,C )T :
R
2NM → R

NM writes

(∇α,C )Tp = h−α

�(2 − α)
(IM ⊗ AT

α )p1 + (BT
α ⊗ IN )p2.

Wedenote thediscrete divergencebydivα(p) := −(∇α,C )Tp.
Using the matrix notation above, the U -step linear system
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(19) becomes

(
λOk + β (∇α,C )T∇α,C)

Uk+1

= λOkF + β (∇α,C )T (dk − bk),

To solve the resulting linear systems, we employ a precon-
ditioned conjugate gradient (PCG) method in a matrix-free
manner. In our implementation, no explicit preconditioner is
introduced, which corresponds to using the identity operator
as a preconditioner. This choice is motivated by the structure
of the system operator

Ak := λOk + β(∇α,C )T∇α,C ,

which is symmetric andpositive definite. Thediagonalmatrix
Ok = diag(ωk

i, j ), arising from the iteratively reweighted
least-squares scheme associated with the Cauchy data-
fidelity term, acts as an intrinsic diagonal scaling that
improves the conditioning of the system by down-weighting
pixels affected by strong outliers. Moreover, the quadratic
penalty term β(∇α,C )T∇α,C introduced by the split Breg-
man framework further stabilizes the spectrum of the linear
operator. From a numerical standpoint, the fractional opera-
tor (∇α,C )T∇α,C is applied in amatrix-free fashion using the
Toeplitz structures Aα and Bα through successive matrix–
vector products. Constructing an explicit preconditioner
involving these operators would require assembling dense
fractional matrices or designing problem-specific approxi-
mations for nonlocal convolutions, leading to significantly
increased memory usage and computational cost. Such
approaches would be incompatible with thematrix-free strat-
egy adopted in this work. In practice, the combination of the
diagonal weight matrixOk and the penalty parameter β pro-
vides an effective implicit preconditioning, resulting in fast
and stable convergence of the PCG solver.

For full reproducibility, the discretization routines used
in this work are provided in our public GitHub repository:
https://github.com/braiekhamdi/weightedfotv/tree/main.

The discretization of the Caputo fractional-order gradient
introduces intrinsic nonlocality, since the fractional operator
at a given pixel depends on image values over an extended
neighborhood. For solving theU -subproblem in (19), reflec-
tive (Neumann-type) boundary conditions are adopted and
implemented via symmetric padding of the image domain,
namely

U(0, j) = U(2, j), U(N + 1, j) = U(N − 1, j),

U(i, 0) = U(i, 2), U(i, M + 1) = U(i, M − 1).

Such boundary conditions are commonly used in image
denoising problems, as they provide a natural continuation of
image intensities and avoid artificial edge artifacts introduced

by zero-padding or Dirichlet boundary conditions, which
are known to adversely affect fractional operators near the
boundaries [36]. The use of reflective boundary conditions
is consistent with the convolution-type structure induced by
the backward quadrature discretization of the Caputo deriva-
tive and preserves the symmetry of the discrete operator
(∇α,C )T∇α,C [37, 38]. The resulting linear system in the
u-subproblem consists of a diagonal data-fidelity term λOk

and a fractional diffusion term β(∇α,C )T∇α,C and is there-
fore symmetric positive definite. This structure ensures stable
numerical behavior and allows efficient solution via con-
jugate gradient methods in a matrix-free framework [39].
Moreover, a full discrete error analysis for Caputo frac-
tional derivatives with reflective boundary conditions has
been shown to achieve stable and accurate solutions in frac-
tional diffusion problems [37, 38, 40, 41].

4.2 Bayesian optimization

The performance of the proposed weighted FOTV model
depends critically on the regularization parameters λ, β, and
the fractional order α ∈ [1, 2]. A suboptimal choice may
lead to either oversmoothing or insufficient noise removal.
To achieve stable and near-optimal restoration quality, we
adopt a data-driven Bayesian optimization (BO) strategy to
automatically tune (λ, β, α).

BO is a global black-box optimization framework
designed for objectives that are expensive to evaluate and lack
closed-form gradients [22, 23]. Compared to manual tuning
or grid search, BO offers a statistically principled approach
with superior sample efficiency. It adapts the parameters to
both the noise characteristics and image content, achieving
a consistent balance between edge preservation and smooth
denoising.

Let � = (λ, β, α) denote the vector of tunable param-
eters, and let Jobj(�) denote the quantitative performance
measure of the model. When the ground-truth image utrue is
available, we define

Jobj(�) = −PSNR(U�,Utrue),

whereU� is the restored image obtained with parameters�,
and PSNR is the peak signal-to-noise ratio,

PSNR(U�,Utrue) = 10 log10

(
L2

‖U� − Utrue‖22/(N M)

)
,

with L denoting the image dynamic range. The goal is tomin-
imize Jobj(�) over a bounded search box� ∈ [�min,�max].

At each iteration, theBOalgorithmmaintains a probabilis-
tic surrogatemodel of the objective function using aGaussian
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process (GP) prior,

Jobj(�) ∼ GP(
m(�), κ(�,�′)

)
,

where m(�) and κ(�,�′) denote the mean and covariance
functions. The mean function is chosen constant, m(�) =
m0. The covariance is modeled with a Matern-5/2 kernel

κ(�,�′) = σ 2
f

(
1 +

√
5r
�

+ 5r2

3�2

)
exp

(
−

√
5r
�

)
+ σ 2

n δ�,�′ ,

(22)

where r = ‖� − �′‖2, σ 2
f is the signal variance, � the

characteristic length scale, σ 2
n the observation noise vari-

ance, and δ�,�′ the Kronecker delta. The hyperparameters
(m0, σ

2
f , �, σ

2
n ) are learned by maximizing the GP marginal

likelihood. Given observed evaluations {(�i , J iobj)}t−1
i=1, the

GP yields a posterior predictive distribution characterized
by a mean μt (�) and standard deviation σt (�) > 0. Let J �

t
denote the best (lowest) objective value observed so far.

To determine the next evaluation point, BO maximizes an
acquisition function, which quantifies the expected improve-
ment EI(�) over the current best value. The expected
improvement acquisition is given in closed form as

EIt (�) = (J �
t −μt (�))�

(
J �
t −μt (�)

σt (�)

)
+σt (�) ϕ

(
J �
t −μt (�)

σt (�)

)
,

(23)

where� and ϕ denote the CDF and PDF of the standard nor-
mal distribution. The next evaluation point is then obtained
by

�t = argmax
�∈[�min,�max]

EIt (�). (24)

Equation (23) balances exploration (large σt ) and exploita-
tion (small μt ). The process iteratively refines the surrogate
model until convergence or a stopping criterion is met.

In practice, the optimization is performed using MAT-
LAB’s bayesopt function with a Matern-5/2 kernel and
the expected improvement acquisition (Eq. (23)). In Algo-
rithm 2, we describe the BO steps for parameter tuning of
the SB solver using weighted fractional TV. It is important to
note that each evaluation of the objective function within the
BO loop involves a full run of the split Bregman solver with
dynamically updated weights wk(x), so that BO implicitly
optimizes parameters in the presence of the proposed spa-
tially adaptive weighting mechanism.
In this algorithm, we set Tmax = 20 iterations. Parame-
ter bounds are set to λ ∈ [10−2, 5], β ∈ [10−2, 5], and
α ∈ [1, 2]. The ranges for λ and β are chosen to ensure a
flexible yet stable balance between the data-fidelity term and
the regularization components across different noise levels.

Algorithm 2 Bayesian optimization for parameter tuning of
the fractional SBsolver.
Require: Noisy image F, reference image Utrue, parameter domain

� = [�min,�max], maximum evaluations Tmax.
Initialization

1: Select an initial design {�(i)}n0i=1 using Latin Hypercube sampling.
2: for i = 1, . . . , n0 do
3: Compute u(i) ← SBsolver(F; �(i))

4: Evaluate objective

J (i)
obj ← −PSNR(U(i),Utrue).

5: end for
6: Fit a Gaussian process surrogate

Jobj(�) ∼ GP(m(�), κ(�,�′)).

Bayesian Optimization Loop
7: for t = n0 + 1, . . . , Tmax do
8: Compute GP posterior: μt (�) and σ 2

t (�).

9: Let J �
t = min{J (1)

obj , . . . , J
(t−1)
obj }.

10: Determine next candidate �(t) by maximizing (24).
11: Run the fractional SB solver:

U(t) ← SBsolver(F; �(t)).

12: Evaluate: J (t)
obj ← −PSNR(U(t),Utrue).

13: Update the GP with the new pair (�(t), J (t)
obj).

14: end for

Output: �∗ = argmin1≤i≤Tmax J
(i)
obj.

The search range of the fractional order α ∈ [1, 2] is moti-
vated by both theoretical and practical considerations. When
α = 1, the fractional-order total variation model reduces
to the classical first-order TV, which provides strong edge
preservation but is prone to staircasing artifacts. Increasing α

introduces a higher degree of smoothness and implicitly cap-
tures longer-range interactions, thereby reducing staircasing
and improving texture representation. Values of α below 1
tend to introduce excessive nonlocal smoothing andmay lead
to loss of fine structures, whereas values significantly larger
than 2 can oversmooth edges and increase numerical insta-
bility in the discretized fractional operator. Therefore, the
interval [1, 2] provides a meaningful compromise between
edge preservation and texture smoothing and has beenwidely
adopted in fractional-order image regularization studies [8,
16].

Once the optimal triplet�∗ is identified, the solver is exe-
cuted with these parameters for the final restoration.

5 Experiments

To validate the proposed weighted FOTV model, we per-
form experiments on synthetic and standard test images.
The observed image f is generated by corrupting a clean
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reference image utrue with additive Cauchy noise of scale
parameter γ > 0. Let η be a random variable distributed
according to the standard Cauchy law with density p(η) =
1
π

γ

η2+γ 2 . In practice, a noisy image can be simulated by

f (x) = utrue(x) + η(x) where η(x) = γ tan
(
π(ξ(x) − 1

2 )
)
,

where ξ(x) ∼ U(0, 1) is uniformly distributed.
To quantitatively assess the quality of the restored image

urec, we compute the PSNR between the reconstructed image
urec and the ground truth utrue, we use also the structural
similarity index (SSIM), and the relative error (ReErr) with
respect to the ground truth

SSIM(urec, utrue) = (2μuμ f + c1)(2σu f + c2)

(μ2
u + μ2

f + c1)(σ 2
u + σ 2

f + c2)
,

ReErr(urec, utrue) = ‖urec − utrue‖2
‖utrue‖2 ,

whereμu, μ f , σu, σ f , σu f denote the empirical means, stan-
dard deviations, and cross-covariance of urec and utrue. The
iterative procedure is terminated once the relative error satis-
fies ReErr(Xk, Xk−1) < 10−3. Additionally, we stop when
the evolution of image quality indices, SNR, SNR, SSIM,
becomes numerically stable, meaning that successive itera-
tions yield negligible variation in the metrics.

We also compare our model with four other competi-
tive approaches widely used for image restoration under
heavy-tailed noise. The first one is the classical total vari-
ation model (TV) J (u) = T V (u) + λD(u; f ), proposed
in [7], The second is the penalized total variation model
(pen-TV) J (u) = T V (u) + λD(u; f ) + μ‖u − u0‖22,
introduced in [6] to improve stability and alleviate the stair-
case effect. u0 is the filtered image f by the median filter.
The third baseline is the second-order total generalized vari-
ation model (TGV) J (u) = TGV 2

μ1,μ2
(u) + λD(u; f ),

recently adapted forCauchynoise removal in [42]. The fourth
model is the group-based low-rank prior model (GBLR),
which is included as a representative strong nonlocal low-
rank denoisingmethodwidely used in recent years. Its energy
functional is given by J (u) = ‖u‖∗ + λD(u; f ), where
‖X‖∗ = ∑min(m,n)

r=1 σr (X) is the nuclear norm of a matrix
X ∈ R

n×m andσr is the r th largest singular value. Thismodel
was proposed in [43]. We also include the fractional-order
total variation model (FOTV), corresponding to our pro-
posed model (2) with a uniform weight function w(x) = 1.
For a fair comparison, all models are implemented using the
same SB optimization framework, initialized with identical
settings and using the penalty parameter β. The regulariza-
tion parameters {λ, β, μ,μ1, μ2} of the compared models,
as well as (λ, β, α) in our method, are tuned using the BO
strategy. We also use eleven ground-truth images to compare
the models. The images are shown in Fig. 1.

The adaptive weight w(x) in (3) aims to preserve edges
while enforcing stronger regularization in smooth regions.
Following edge-preserving diffusion principles, the weight
map w is updated iteratively after each u-update according
to the current restored image:

wk+1(x) = exp
( − |∇(Gσ ∗ uk+1(x))|).

With this choice, it adapts the regularization strength spatially
and across iterations.

5.1 Grayscale images

Wepresent quantitative andqualitative evaluations of the pro-
posed weighted FOTVmodel on grayscale images corrupted
by Cauchy noise. The parameters λ, β, and α were tuned
fromAlgorithm 2 to achieve the best trade-off between noise
suppression and detail preservation.

Figures 1, 3, 4, 5, 6, 7, 8, 9, 10, 11,12, 13, 14, 15, 16
illustrate the performance of the competing models on sev-
eral grayscale test images. Table 1 reports the corresponding
quantitative measures (SNR, PSNR, SSIM) together with the
number of SB iterations needed for each method. Figure2
presents the reconstructions models for the ‘Clock’ image in
Fig. 1(a), including zoomed patches for detailed comparison.

Visual inspection of the results shows a clear pattern:
Classical TV removes a large portion of the Cauchy out-
liers but introduces piecewise-constant artifacts and blunted
thin structures. The pen-TV variant reduces some staircasing
at the cost of mild additional smoothing, while TGV bet-
ter preserves smooth transitions but occasionally attenuates
small scale ridges. The GBLR model, which exploits non-
local self-similarity through low-rank group representations,
produces competitive results and effectively suppresses noise
in homogeneous regions. Nevertheless, it may oversmooth
fine textures and thin structures, particularly in areas with
strong local contrast. The FOTV model recovers medium-
range oscillatory structures more faithfully than first-order
TV; however, without spatial weighting it can still under-
perform near high-contrast edges. The proposed weighted
FOTV consistently returns the most faithful texture and edge
reconstruction, retaining thin circular contours and local
contrast while suppressing extreme outliers. These qualita-
tive observations are supported by the numbers in Table 1:
The weighted FOTV achieves the highest PSNR and SSIM
in most test cases, indicating that the combined effect of
fractional smoothing and adaptive weighting produces both
visually pleasing and objectively better restorations 3.

Figure 4 illustrates standard BO diagnostics produced by
Algorithm2 for the clock image.Eachpanel provides a differ-
ent view of the optimizer’s behavior and of the computational
cost of searching the parameter space �. The top-left panel
shows the Gaussian-process surrogate posterior mean of the
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Fig. 1 The ground-truth images intended to use in this work

objective function Jobj(�), together with observed evalu-
ations (red dots) and the next query point (black marker)
selected by the expected improvement criterion. The learned
surface reveals a well-defined low-objective basin, and the
concentration of samples in this region indicates a transi-
tion from exploration to exploitation and convergence toward
consistent parameter values. The top-right panel reports the
cumulative runtime as a function of the number of objective
evaluations. The dominant contribution arises from objective
evaluations (blue curve), each corresponding to a full split
Bregman reconstruction, while the overhead associated with
surrogate modeling and acquisition optimization (red curve)
remains comparatively small. This confirms that the com-
putational cost is primarily driven by the number of solver
runs rather than by Bayesian optimization itself. The bottom-

left panel plots the minimum observed objective value and
the surrogate-estimated minimum versus the number of eval-
uations. A sharp decrease within the first few iterations
demonstrates that Bayesian optimization rapidly identifies
high-quality parameter configurations, after which the objec-
tive stabilizes. The close agreement between observed and
estimated minima indicates a reliable surrogate model near
the optimum. Finally, the bottom-right panel shows the per-
evaluation runtime, which remains approximately constant
between 1.3 and 1.6 s, further emphasizing the importance
of minimizing the number of objective evaluations.

We present numerical experiments for medical images,
including Brain Tumor CT (Fig. 5), Knee MRI (Fig. 8
and zoomed regions in Fig. 9), human thoracic spine MRI
(Fig. 10), and Skull CT (Fig. 12). These modalities present
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(a) Noisy image (b) TV (c) pen-TV

(d) TGV (e) GBLR (f) FOTV

(g) Weighted FOTV

Fig. 2 From left to right: The noisy image degraded by Cauchy noise and the restored images by TV, pen-TV, TGV, GBLR, FOTV, and weighted
FOTV models, respectively, for image in Fig. 1a
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(a) Ground-truth (b) Noisy image (c) TV

(d) pen-TV (e) TGV (f) GBLR

(g) FOTV (h) Weighted FOTV

Fig. 3 From left to right: The zoomed regions of the noisy image degraded by Cauchy noise and the restored images by TV, pen-TV, TGV, GBLR,
FOTV, and weighted FOTV models, respectively, for images in Fig. 2
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Fig. 4 From left to right: The
tuned parameters using
Algorithm 2 for the image in
Fig. 2f

unique challenges, combining smooth anatomical regions
with fine structural details that are clinically significant.

In the Brain Tumor CT case (Fig. 5 and zoomed regions in
Fig. 6), all compared models exhibit varying degrees of noise
suppression, yet tend to either oversmooth tumor boundaries
or fail to fully preserve subtle parenchymal textures. The
proposed weighted FOTV not only achieves superior noise
removal but also enhances the visibility of tumor margins,
as reflected in the adaptive weight map (Fig. 17(p) ), which
selectively reduces regularization near edges and pathologi-
cal structures.

For the thoracic spine MRI (Figs. 10 and Fig. 11), the
model demonstrates remarkable fidelity in preserving thin
anatomical features such as vertebral bodies, intervertebral
disks, and the spinal canal (Fig. 17(h) ). While GBLR and
TGV offer improved smoothness, they often attenuate these
fine details. The weighted FOTV maintains high contrast in
these regions without introducing staircase artifacts, as cor-
roborated by the quantitative metrics in Table 1.

Similarly, in Knee MRI and Skull CT, the proposed
approach consistently delivers the best balance between
homogeneity in soft-tissue/bone regions and edge sharpness
at structural interfaces. The adaptive weighting mechanism
ensures that regions with high diagnostic value, such as car-
tilage interfaces in the knee or suture lines in the skull,
are preserved, whereas more uniform areas are effectively
smoothed.

Across all medical images, the weighted FOTV achieves
the highest PSNR, SNR, and SSIM values in Table 1, while
also requiring fewer SB iterations for convergence. This
combination of quantitative superiority, visual fidelity, and

computational efficiency underscores the model’s robustness
and clinical applicability in restoring medical images cor-
rupted by heavy-tailed Cauchy noise.

To further assess the robustness of the proposed Bayesian
optimization strategy, we conducted a sensitivity analysis of
the main regularization parameters � = α, β, λ involved in
the weighted FOTV model. Figure7 illustrates the evolution
of the reconstruction quality, measured by PSNR. The anal-
ysis is performed on the Tumor image shown in Fig. 1(b).

The PSNR curve with respect to the fractional order α

shows a clear unimodal behavior, indicating that interme-
diate fractional orders provide a favorable balance between
noise suppression and detail preservation. A similar trend
is observed for the penalty parameter β, where excessive
values degrade performance due to overly strong constraint
enforcement. The regularization weight λ also exhibits a
well-defined optimum, confirming its critical role in balanc-
ing data fidelity and fractional regularization.

Bayesian optimization automatically identifies the opti-
mal parameter set α = 1.313, β = 0.09, and λ = 1.516,
which yields a maximum PSNR of 26.478 dB (see Table 2).
These results demonstrate that the proposed optimization
framework is not only effective in selecting high-performing
parameters, but also robust, as small deviations around the
optimal values lead to gradual rather than abrupt performance
degradation. This sensitivity analysis confirms the stability
of the proposed model and strengthens the validation of the
Bayesian optimization procedure 13.

We also present, in Figs. 14, 15, 16, results on the syn-
thetic and natural images and highlight the model’s behavior
on highly textured patterns and on complex natural content.
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(a) Noisy image (b) TV (c) pen-TV

(d) TGV (e) GBLR (f) FOTV

(g) Weighted FOTV

Fig. 5 From left to right: The noisy image degraded by Cauchy noise and the restored images by TV, pen-TV, TGV, GBLR, FOTV, and weighted
FOTV models, respectively, for images in Fig. 1b
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(a) Ground-truth (b) Noisy image (c) TV

(d) pen-TV (e) TGV (f) GBLR

(g) FOTV (h) Weighted FOTV

Fig. 6 From left to right: The zoomed regions for the noisy image degraded by Cauchy noise and the restored images by TV, pen-TV, TGV, GBLR,
FOTV, and weighted FOTV models, respectively, for images in Fig. 5
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Fig. 7 Sensitivity analysis of the proposed weighted FOTV model
parameters � = {α, β, λ} using Bayesian optimization. The criterion
function |J | = PSNR is plotted as a function of each parameter. The
optimal parameters identified by Bayesian optimization are α = 1.313,

β = 0.09, and λ = 1.502, yielding a maximum PSNR of 26.478 dB
for the ‘Tumor’ test image in Fig. 1b. The green markers indicate the
optimal parameter values corresponding to the maximum PSNR

On the synthetic texture, the fractional operator’s capacity to
modelmedium-range interactions reduces the staircasing and
restores repetitive structures with higher fidelity than local
TV. For the girl face image, which contains both smooth skin
regions and high-frequency hair details, the adaptive weight
prevents oversmoothing of perceptually important features:
Edges and hair filaments are preserved, while homogeneous
regions remain clean 15.

In Fig. 17, we present the evolution of the weight map
w (Eq. (3)) across the SB iterations. The visualization
clearly illustrates how the adaptive mechanism progres-
sively refines the spatial distribution of the regularization
strength. At early iterations, the weight map remains rel-
atively uniform, reflecting the fact that the initial estimate
has not yet revealed reliable edge and texture informa-
tion. As the reconstruction improves, the weight function
becomes increasingly structured: Lower weights concentrate
around edges, high-frequency contours, and textured regions,
whereas homogeneous areas are assigned larger weights.
This behavior is consistent with the design of w, which is
intended to attenuate regularization near image discontinu-
ities while enforcing stronger smoothing in flat regions.

Table 2 summarizes the Bayesian optimization setup for
the five models. For each model, the parameter vector �

is tuned automatically by minimizing the objective function
Jobj(�) (e.g., the negative PSNR). The optimization is per-
formed over 20 BO iterations using a Matérn-5/2 kernel and
the expected improvement acquisition function. Each eval-
uation involves running the SB solver for inner iterations.
The optimal parameter �∗ corresponds to the configuration
yielding the minimal objective value J ∗

obj, ensuring a bal-
anced compromise between data fidelity and regularization.

Although Bayesian optimization introduces an additional
overhead due to surrogate model construction and acquisi-
tion optimization, the dominant computational cost of the
proposed framework arises from objective evaluations, each
requiring a full split Bregman reconstruction. As illustrated
in Figure 3 (top-right), the cumulative runtime is over-
whelmingly driven by solver executions, while the overhead
associated with Gaussian-process modeling remains negli-
gible. Compared to simpler tuning strategies such as grid
search, whose computational complexity grows exponen-
tially with the number of parameters, Bayesian optimization
drastically reduces the number of required objective evalua-
tions by directing the search toward promising regions of the
parameter space. For instance, a coarse grid search with only
10 candidate values per parameter would already require 103

reconstructions, whereas the proposed BO strategy identi-
fies competitive parameter configurations within fewer than
20 evaluations (Table 2). Consequently, despite amodest per-
iterationoverhead,Bayesianoptimization leads to substantial
overall computational savings in practice.

To provide further insight into the robustness of the pro-
posed Bayesian-optimized model, we analyze its behavior
under different noise levels and image characteristics. Fig-
ures18 and 19 present visual denoising results for three
increasing noise levels, namely γ ∈ 0.04, 0.08, 0.12, on
the grayscale image in Fig. 1(i). These experiments allow
us to evaluate the stability of the model parameters selected
by Bayesian optimization when the noise intensity changes.
From the visual results in Fig. 18, it can be observed that
classical TV-based models tend to oversmooth the image as
the noise level increases, leading to loss of fine structures and
contrast. In contrast, the proposed weighted fractional-order
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(a) Noisy image (b) TV (c) pen-TV

(d) TGV (e) GBLR (f) FOTV

(g) Weighted FOTV

Fig. 8 From left to right: The zoomed regions for the noisy image degraded by Cauchy noise and the restored images by TV, pen-TV, TGV, GBLR,
FOTV, and weighted FOTV models, respectively, for images in Fig. 1c
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(a) Ground-truth (b) Noisy image (c) TV

(d) pen-TV (e) TGV (f) GBLR

(g) FOTV (h) Weighted FOTV

Fig. 9 From left to right: The zoomed regions for the noisy image degraded by Cauchy noise and the restored images by TV, pen-TV, TGV, GBLR,
FOTV, and weighted FOTV models, respectively, for images in Fig. 8
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(a) Noisy image (b) TV (c) pen-TV

(d) TGV (e) GBLR (f) FOTV

(g) Weighted FOTV

Fig. 10 From left to right: The noisy image degraded by Cauchy noise and the restored images by TV, pen-TV, TGV, GBLR, FOTV, and weighted
FOTV models, respectively, for images in Fig. 1d
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(a) Noisy image (b) TV (c) pen-TV

(d) TGV (e) GBLR (f) FOTV

(g) Weighted FOTV

Fig. 11 From left to right: The zoomed region for the noisy image degraded by Cauchy noise and the restored images by TV, pen-TV, TGV, GBLR,
FOTV, and weighted FOTV models, respectively, for images in Fig. 10
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(a) Noisy image (b) TV (c) pen-TV

(d) TGV (e) GBLR (f) FOTV

(g) Weighted FOTV

Fig. 12 From left to right: The noisy image degraded by Cauchy noise and the restored images by TV, pen-TV, TGV, GBLR, FOTV, and weighted
FOTV models, respectively, for image in Fig. 1e
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(a) Ground-truth (b) Noisy image (c) TV

(d) pen-TV (e) TGV (f) GBLR

(g) FOTV (h) Weighted FOTV

Fig. 13 From left to right: The zoomed regions for the noisy image degraded by Cauchy noise and the restored images by TV, pen-TV, TGV,
GBLR, FOTV, and weighted FOTV models, respectively, for images in Fig. 12
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(a) Noisy image (b) TV (c) pen-TV

(d) TGV (e) GBLR (f) FOTV

(g) Weighted FOTV

Fig. 14 From left to right: The noisy image degraded by Cauchy noise and the restored images by TV, pen-TV, TGV, GBLR, FOTV, and weighted
FOTV models, respectively, for image in Fig. 1(f)
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(a) Noisy image (b) TV (c) pen-TV

(d) TGV (e) GBLR (f) FOTV

(g) Weighted FOTV

Fig. 15 From left to right: The noisy image degraded by Cauchy noise and the restored images by TV, pen-TV, TGV, GBLR, FOTV, and weighted
FOTV models, respectively, for images in Fig. 1(g)
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(a) Noisy image (b) TV (c) pen-TV

(d) TGV (e) GBLR (f) FOTV

(g) Weighted FOTV

Fig. 16 From left to right: The noisy image degraded by Cauchy noise and the restored images by TV, pen-TV, TGV, GBLR, FOTV, and weighted
FOTV models, respectively, for images in Fig. 1h
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Table 1 Quantitative comparison of denoising performance on the
medical and natural grayscale images from Fig. 1(a) –1(h). Results are
shown for noisy images and the denoising models at specific noise lev-

els (γ ) as function as SNR (dB), PSNR (dB), SSIMmetrics. Best results
are in bold, and second-best are underlined

Image Metrics Noisy Models

TV pen-TV TGV GBLR FOTVα FOTVα
w

Clock (256×256) γ = 0.05 SNR 12.887 22.372 24.039 24.00 23.542 24.367 25.129

PSNR 15.2841 24.926 26.550 26.532 26.104 26.878 27.595

SSIM 0.170 0.782 0.822 0.812 0.805 0.824 0.843

Iterations – 180 160 140 150 140 110

Tumor (400×420)γ = 0.05 SNR 7.117 15.300 15.265 15.635 16.704 16.136 17.729

PSNR 15.262 24.424 24.392 24.767 25.852 25.286 26.884

SSIM 0.150 0.742 0.739 0.748 0.777 0.759 0.808

Iterations – 140 140 120 100 140 100

MRI (512×512) γ = 0.07 SNR 6.176 15.899 16.736 16.786 17.631 16.817 20.710

PSNR 13.944 24.879 25.68 25.738 26.593 25.762 29.701

SSIM 0.070 0.741 0.763 0.768 0.785 0.764 0.840

Iterations – 200 180 140 130 150 130

Knee (249×249)γ = 0.07 SNR 5.139 13.883 14.299 14.610 15.283 15.672 16.451

PSNR 13.963 24.316 24.799 25.096 25.830 26.295 27.141

SSIM 0.108 0.790 0.802 0.801 0.814 0.851 0.882

Iterations – 170 160 130 160 130 130

Lens (590×614) γ = 0.05 SNR 9.367 21.350 22.697 24.110 25.497 24.138 27.123

PSNR 15.316 27.893 29.226 30.621 32.003 30.644 33.622

SSIM 0.12943 0.865 0.891 0.900 0.918 0.902 0.936

Iterations – 240 220 200 190 150 130

Skull (374×452) γ = 0.07 SNR 9.159 21.805 22.661 22.908 22.510 23.761 26.490

PSNR 13.998 27.331 28.049 28.294 27.914 29.131 32.820

SSIM 0.077 0.726 0.754 0.759 0.740 0.784 0.874

Iterations – 160 140 160 140 120 110

Girl (512×512) γ = 0.04 SNR 8.589 19.128 19.061 20.686 18.394 19.453 21.778

PSNR 16.172 27.379 27.346 28.959 26.689 27.749 30.064

SSIM 0.126 0.666 0.717 0.749 0.698 0.726 0.782

Iterations – 170 190 130 190 110 100

Synthetic (253×253) γ = 0.04 SNR 11.526 25.811 26.774 25.841 27.695 27.099 28.418

PSNR 16.143 30.755 31.710 30.781 32.604 32.014 33.310

SSIM 0.066 0.886 0.905 0.890 0.914 0.918 0.916

Iterations – 120 120 90 120 100 90

total variation model (FOTVα
w) preserves edges and struc-

tural details more effectively across all noise levels. A closer
inspection of local image details is provided in Fig. 19. The
zoomed regions highlight the ability of FOTVα

w to maintain
texture continuity and sharp edges while suppressing noise-
related artifacts. This behavior remains consistent from low-
to high-noise regimes, indicating that the optimized param-
eters are not overly sensitive to noise variations.

Quantitative results reported in Table 3 further support
these observations. For all three noise levels, the proposed
model achieves the highest PSNR, SNR, and SSIM val-
ues compared to competing methods. The performance gap

becomesmore pronounced as the noise level increases,which
suggests that the model is particularly robust in challenging
high-noise scenarios. Figure20 summarizes these trends by
plotting the metrics as functions of the noise level, clearly
showing stable and superior performance of FOTVα

w.

5.2 Color images

In this subsection, we generalize the proposed weighted
FOTV model to color images. Let u : � → R

Ch denote
a color image with Ch channels, for RGB images, Ch = 3.
We write u = (u1, . . . , uCh), where uc is the c-th chan-
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(a) iteration 1 (b) Iteration 30 (c) Iteration 70 (d) Iteration 120

(e) iteration 1 (f) Iteration 30 (g) Iteration 60 (h) Iteration 95

(i) iteration 1 (j) Iteration 50 (k) Iteration 80 (l) Iteration 110

(m) iteration 1 (n) Iteration 30 (o) Iteration 70 (p) Iteration 100

(q) iteration 1 (r) Iteration 30 (s) Iteration 60 (t) Iteration 100

Fig. 17 From left to right: The weighted function w at different iterations
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Table 2 Parameter tuning using Algorithm 2 for the five competing
models. Each model is optimized over its corresponding parameter set
�, within the given search ranges. Each model was tuned for 20 outer

BO iterations, each invoking an inner SB iterations. The best parameter
configuration �∗ is selected according to the minimal objective value
J ∗
obj

Image Model Parameters Best �∗ |J ∗
obj| Iter. (BO) Inner Iter. (SB) Time (s)

Clock TV (λ, β) (1, 0.15) 24.258 17 45 36

pen-TV (λ, β, μ) (0.70, 0.09, 2.38) 25.131 15 40 67

TGV (λ, β, μ1, μ2) (1.5, 0.08, 1.02, 0.09) 25.800 18 35 91

GBLR (λ, β) (0.82, 0.11) 23.110 17 40 100

FOTV (λ, β, α) (0.45, 0.02, 1.87) 26.241 12 30 41

Proposed (λ, β, α) (0.50, 0.25, 1.64) 26.936 11 30 42

Tumor TV (λ, β) (0.77, 0.12) 24.125 18 45 53

pen-TV (λ, β, μ) (0.82, 0.11, 0.08) 24.126 16 40 59

TGV (λ, β, μ1, μ2) (1.26, 0.07, 1.14, 0.12) 24.502 15 40 88

GBLR (λ, β) (1.34, 0.11) 25.131 15 30 120

FOTV (λ, β, α) (1.17, 0.07, 1.42) 24.949 15 30 46

Proposed (λ, β, α) (1.51, 0.09, 1.31) 26.478 14 30 49

MRI TV (λ, β) (0.50, 0.11) 24.555 17 30 74

pen-TV (λ, β, μ) (0.68, 0.16, 0.04) 24.780 18 30 79

TGV (λ, β, μ1, μ2) (0.79, 0.16, 0.08, 0.03) 24.640 18 30 86

GBLR (λ, β) (0.43, 0.13) 26.148 19 30 130

FOTV (λ, β, α) (1.23, 0.23, 1.61) 25.375 18 30 88

Proposed (λ, β, α) (1.42, 0.19, 1.70) 28.865 16 30 91

Lens TV (λ, β) (0.83, 0.14) 27.884 18 40 240

pen-TV (λ, β, μ) (0.69, 0.08, 0.02) 28.772 18 40 305

TGV (λ, β, μ1, μ2) (1.05, 0.20, 0.13, 0.05) 29.681 17 30 460

GBLR (λ, β) (1.03) 31.009 18 30 490

FOTV (λ, β, α) (1.08, 0.11, 1.50) 30.164 13 30 300

Proposed (λ, β, α) (1.50, 0.09, 1.60) 32.615 11 30 303

Skull TV (λ, β) (0.50, 0.12) 26.758 18 30 83

pen-TV (λ, β, μ) (1, 0.19, 0.07) 27.290 18 30 110

TGV (λ, β, μ1, μ2) (0.73, 0.11, 0.14, 0.09) 28.112 16 30 186

GBLR (λ, β) (1.12, 0.22) 27.401 3 30 196

FOTV (λ, β, α) (0.65, 0.20, 1.45) 28.789 13 30 115

Proposed (λ, β, α) (0.60, 0.25, 1.68) 31.553 13 30 115

Synthetic TV (λ, β) (0.79, 0.16) 29.988 17 35 30

pen-TV (λ, β, μ) (0.70, 0.20, 0.03) 30.333 16 35 34

TGV (λ, β, μ1, μ2) (0.74, 0.22, 0.15, 0.10) 29.963 16 30 56

GBLR (λ, β) (0.83, 0.11) 31.646 18 30 65

FOTV (λ, β, α) (0.65, 0.10, 1.47) 30.647 11 30 36

Proposed (λ, β, α) (0.50, 0.07, 1.34) 32.212 9 30 33

nel. The observed noisy image is f : � → R
Ch with

the same structure. A natural extension of the model to the
multi-channel case is to define a joint fractional gradient that
couples both spatial directions and color channels. For the
Caputo fractional directional derivatives, we define the vec-
torial fractional gradient

∇α,Cu(x) := (∇α,Cu1(x), . . . , ∇α,CuCh(x)
) ∈ R

2Ch,

where each ∇α,Cuc = (CDα
x uc,

CDα
y uc).

The variational model for color images reads

min
u:�→RCh

λ

∫
�

Ch∑
c=1

log
(
1 + ( fc(x) − uc(x))2

γ 2

)
dx

+
∫

�

w(x)

√√√√ Ch∑
c=1

∣∣∇α,Cuc(x)
∣∣2 dx .
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Noisy TV pen-TV TGV GBLR FOTVα FOTVαw
γ
=

0
.0
4

γ
=

0
.0
8

γ
=

0 .
12

Fig. 18 Visual comparison of denoising results under different noise levels. Rows correspond to increasing noise levels γ ∈ {0.04, 0.08, 0.12},
and columns show the noisy image and the restored results obtained by TV, pen-TV, TGV, GBLR, FOTVα , and the proposed FOTVα

w model

Noisy TV pen-TV TGV GBLR FOTVα FOTVαw

γ
=

0.
04

γ
=

0.
08

γ
=

0.
1
2

Fig. 19 Zoomed regions from Fig. 18. Detailed visual comparison showing fine details preservation across noise levels γ ∈ {0.04, 0.08, 0.12} and
different denoising models

where the second term is an isotropic vectorial weighted
FOTV, coupling the spatial derivatives of all channels [17,
44, 45]. The stacked fractional gradient operator acting on
all channels can be written as

∇α,Cu = h−α

�(2 − α)

[
ICh ⊗ (IM ⊗ Aα)

ICh ⊗ (Bα ⊗ IN )

]
u ∈ R

2ChNM .

where u stacks all channel components column-wise.

The discrete color model becomes

min
u∈RN×M×Ch

λ

Ch∑
c=1

N∑
i=1

M∑
j=1

log
(
1 +

(
Fi, j,c − Ui, j,c

)2
γ 2

)

+
N∑
i=1

M∑
j=1

Wi, j,c

√√√√ Ch∑
c=1

∥∥∇α,CUi, j,c
∥∥2
2.
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Table 3 Comparison of
denoising results on grayscale
image (in Fig. 18) under varying
noise levels γ . The best results
are in bold, and the second-best
are underlined

γ Metrics Noisy Models
TV pen-TV TGV GBLR FOTVα FOTVα

w

γ = 0.04 SNR 12.081 22.606 22.732 23.425 22.954 24.428 25.083

PSNR 16.168 27.021 27.127 27.830 27.322 28.794 29.432

SSIM 0.156 0.838 0.803 0.853 0.814 0.882 0.901

γ = 0.08 SNR 9.586 20.386 21.296 21.687 21.138 21.967 22.510

PSNR 13.534 25.320 25.750 26.122 25.606 26.424 26.940

SSIM 0.103 0.733 0.795 0.812 0.806 0.829 0.832

γ = 0.12 SNR 8.143 19.349 19.654 19.792 19.581 20.542 20.680

PSNR 11.961 23.922 24.232 24.379 24.152 25.063 25.154

SSIM 0.078 0.707 0.742 0.731 0.723 0.761 0.766

Fig. 20 Comparison of denoising performance across noise levels: a SNR, b PSNR, and c SSIM metrics versus noise level γ for all models in
Table 3

Notice that the resulting optimization problem remains
separable in theU- and d-subproblems. The SB iterations are
extended to the multi-channel case by promoting the auxil-
iary variables di, j ∈ R

2Ch and bi, j ∈ R
2Ch at each pixel.

The d-update becomes an isotropic vector shrinkage across
both spatial directions and color channels [46], which pro-
motes simultaneous sparsity of fractional gradients across all
RGB channels.

We now evaluate the proposed weighted FOTV model on
RGB images. In contrast to grayscale denoising, the color
case requires treating the three channels jointly to avoid color
shifts and spatial misalignment of edges.

Figures 21 and 23 show denoising results for the Splash
and Bird images heavily degraded by Cauchy noise. Across
both images, TV and penalized-TV remove noise but tend
to produce desaturation, texture loss, and visible color flat-
tening, especially in smooth regions. TGV alleviates some
staircasing but remains sensitive to impulsive outliers, lead-
ing to residual blotches in high-frequency regions. The
GBLR model, which groups similar patches into low-rank
representations, demonstrates effective noise suppression in

homogeneous areas but can introduce blurring across color
edges and subtle chromatic textures, particularly in regions
with fine structural variations. The standard FOTV model
provides improved texture recovery thanks to the nonlo-
cal character of fractional derivatives, yet it still applies a
uniform degree of regularization across the image. In con-
trast, the proposed weighted FOTV significantly enhances
visual quality in both examples: Edges remain crisp and well
aligned across channels, chromatic structures are preserved
without false color bleeding, and fine textures are recon-
structed more faithfully. This improvement is particularly
noticeable in the feathers of the Bird image and the smooth
color transitions in Splash, where our adaptive regularizer
suppresses strong outliers while maintaining color consis-
tency.

To better understand the mechanism of the model, Fig. 25
illustrates the evolution of the adaptive weight w over
several SB iterations. Initially, the weight map is highly
perturbed because it is computed from the noisy gradients.
As the iterations proceed, impulsive noise is progressively
attenuated and the weight adapts to the emerging geo-
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(a) Noisy image (b) TV (c) pen-TV

(d) TGV (e) GBLR (f) FOTV

(g) Weighted FOTV

Fig. 21 From left to right: The noisy image degraded by Cauchy noise and the restored images by TV, pen-TV, TGV, GBLR, FOTV, and weighted
FOTV models, respectively, for images in Fig. 1j
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(a) Ground-truth (b) Noisy image (c) TV

(d) pen-TV (e) TGV (f) GBLR

(g) FOTV (h) Weighted FOTV

Fig. 22 From left to right: The zoomed regions of the noisy image degraded by Cauchy noise and the restored images by TV, pen-TV, TGV, GBLR,
FOTV, and weighted FOTV models, respectively, for images in Fig. 21
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(a) Noisy image (b) TV (c) pen-TV

(d) TGV (e) GBLR (f) FOTV

(g) Weighted FOTV

(a) Noisy image (b) TV (c) pen-TV

(d) TGV (e) GBLR (f) FOTV

(g) Weighted FOTV

Fig. 23 From left to right: The noisy image degraded by Cauchy noise and the restored images by TV, pen-TV, TGV, GBLR, FOTV, and weighted
FOTV models, respectively, for image in Fig. 1(k)
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(a) Ground-truth (b) Noisy image (c) TV

(d) pen-TV (e) TGV (f) GBLR

(g) FOTV (h) Weighted FOTV

Fig. 24 From left to right: The noisy image degraded by Cauchy noise and the restored images by TV, pen-TV, TGV, GBLR, FOTV, and weighted
FOTV models, respectively, for images in Fig. 23
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(a) iteration 1 (b) Iteration 20 (c) Iteration 60 (d) Iteration 90

(e) iteration 1 (f) Iteration 20 (g) Iteration 60 (h) Iteration 90

Fig. 25 From left to right: The weighted function w at different iterations.

Table 4 Table for comparison of results for color images in Figs. 21 and 23

Images Metrics Noisy Models

TV pen-TV TGV GBLR FOTVα FOTVα
w

Splash (512×512×3) γ = 0.05 SNR 9.826 21.111 21.206 19.497 20.852 21.645 22.832

PSNR 15.258 27.035 27.126 25.439 26.776 27.551 28.697

SSIM 0.619 0.949 0.949 0.931 0.944 0.953 0.961

Iterations – 150 140 120 150 120 90

Bird (640×640×3) γ = 0.07 SNR 9.221 18.608 18.554 19.267 19.079 19.284 20.070

PSNR 13.927 23.877 24.506 23.828 24.327 24.522 25.269

SSIM 0.506 0.873 0.873 0.882 0.880 0.882 0.892

Iterations – 150 180 130 120 115 90

metric structures of the underlying image. High weights
concentrate around salient boundaries, indicating regions
where stronger regularization is required to stabilize large
fractional gradients, while the interior of smooth and homo-
geneous regions is assigned smaller weights. The final
weight map is well aligned with the true edges and color
transitions of the restored image, demonstrating the effec-
tiveness of the adaptive mechanism in guiding the fractional
regularization.

Table 4 provides a quantitative comparison using SNR,
PSNR, and SSIM. For both test images, the proposed
weighted FOTV achieves the highest values across all three

metrics, confirming the qualitative observations. Compared
to standard FOTV, the adaptive model yields an average
improvement of 1.0-−4.0 dB in PSNR and similar gains
in SNR. The method also requires fewer SB iterations to
converge, thanks to the structural guidance provided by the
adaptive weight. These results show that the interaction
between joint fractional derivatives and spatially adaptive
weighting produces a robust color-denoising framework
that is simultaneously edge-preserving, texture-aware, and
resilient to heavy-tailed noise Figs. 22, 24.
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Fig. 26 Paired PSNR differences: FOTVw versus competing methods
in Table 1 and Table 4

5.3 Statistical analysis improvements

To evaluate whether the observed performance differences
in Tables 1 and 4 reflect consistent improvements rather than
random variation across test images, we conducted a statis-
tical significance analysis on the per-image results obtained
by the competing models. Since each denoising method was
applied to the same set of test images (the eight grayscale and
the two color images in Tables 1 and 4), the resulting per-
formance measurements form matched pairs, making paired
hypothesis testing appropriate [47, 48]. In this context, stan-
dard statistical techniques such as the paired Student’s t test
and its nonparametric counterpart, theWilcoxon signed-rank
test, are widely used for paired comparisons when evaluating
image quality metrics across methods [49, 50].

Let Xi and Yi denote the PSNR values obtained on image
i by two competing models, for i = 1, . . . , n. Under the null
hypothesis that there is no systematic difference in PSNR

between the two models, the distribution of the paired differ-
ences Di = Xi − Yi is symmetric about zero. The Wilcoxon
signed-rank test is a nonparametric rank test well suited for
this setting because it does not require the assumption of
normality for the Di and provides robust inferencewithmod-
erate sample sizes [47, 51]. The paired t test can also be
applied when normality of the differences is plausible; how-
ever, the nonparametric signed-rank test was adopted here as
the preferred primary test due to its broader applicability and
common use in image processing studies [47].

We applied the Wilcoxon signed-rank test to compare the
proposed FOTVα

w model against TV, pen-TV, TGV, and the
unweighted FOTVα model using PSNR, SNR, and SSIM as
evaluationmetrics. Statistical significancewas assessed at the
5% level. For all pairwise comparisons and all three metrics,
the resulting p values were equal 0.0020 for the Wilcoxon
signed-rank test and it is between 0.0001 and 0.001, indicat-
ing that the improvements achieved by the proposed method
are statistically significant. To further illustrate the paired
nature of the statistical tests, Fig. 26 depicts the per-image
PSNR differences between FOTVα

w model and each com-
peting model. All differences are positive across images,
visually confirming the systematic improvement quantified
by the Wilcoxon signed-rank tests.

To complement the hypothesis testing, Fig. 27 reports box-
plots of PSNR, SNR, and SSIM values across all test images.
Figure27 illustrates the distribution of the three metrics val-
ues across all test images for the competing methods. The
proposed FOTVα

w model achieves the highest median of
PSNR, SNR, and SSIM among all approaches and exhibits
a relatively compact interquartile range compared to the
baseline methods. This indicates that the proposed method
not only improves average reconstruction quality but also
delivers more stable performance across different images. In
contrast, classical TV-based methods show lower medians
and larger dispersion, reflecting greater sensitivity to image

Fig. 27 PSNR and SSIM
distribution across grayscale and
color test images in Table 1 and
Table 4
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content and noise characteristics. These results confirm that
the quantitative gains reported in Tables 1 and 4 are statisti-
cally robust and consistent across images.

6 Conclusions

In this work, we introduced a new variational image restora-
tion model that combines a Caputo weighted FOTV regular-
izer with an edge-adaptive weighting strategy. The proposed
weightedFOTV formulation preserves the desirable nonlocal
smoothing effects of fractional derivatives while dynami-
cally adjusting the regularization strength according to local
image structures. This mechanism allows the model to sup-
press Cauchy noise efficiently while retaining fine geometric
details and sharp edges. A SB scheme was developed to
solve the resulting nonsmooth optimization problem. A
Bayesian optimization procedure was further employed to
identify the optimal fractional and weighting parameters,
providing a principled and reproducible parameter-selection
strategy. Extensive experiments on grayscale and color
images demonstrate the effectiveness of the approach. The
weighted FOTVmodel systematically achieves higher SNR,
PSNR, and SSIM scores than classical TV, penalized TV,
TGV, and standard FOTV. Several research directions nat-
urally emerge from this study. A first extension concerns
multi-phase regularization schemes. We plan to combine the
proposed weighted FOTV with a second regularizer such as
TGV or penalized TV may lead to a two-phase or double-
layer model capable of simultaneously capturing piecewise
smooth regions and fine-scale textures. A second direction is
the design of multi-objective Bayesian optimization, where
a vector-valued objective that jointly maximizes PSNR and
SSIM, to enable a more perceptually consistent selection
of optimal parameters. Another important direction con-
cerns unsupervised parameter selection in situations where
no ground-truth image is available.
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