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Primal-Dual Method for Image Denoising with Variable
Exponent Sobolev Spaces
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ABSTRACT. In this work, we present a novel approach for image denoising based on a primal-dual algorithm
within variable exponent Sobolev spaces W?(¥), This model adapts to local image features, effectively bal-
ancing noise reduction and detail preservation. The performance of the proposed method is evaluated on
grayscale and color images degraded by Gaussian noise and is compared to the total variation and Beltrami
models. Results show that our approach outperforms the alternatives in terms of noise suppression, detail
preservation, and convergence speed.
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1. Introduction

The field of image restoration has witnessed significant advances over the years, with various
methodologies proposed to address the challenges posed by different noise models [1, 14, 16,
17,19, 20]. Early approaches relied on classical techniques such as Wiener filtering [10] and to-
tal variation (TV) minimization [19], which provided effective solutions for Gaussian noise and
edge-preserving regularization, respectively. However, these methods often had difficulty in
balancing noise suppression and detail preservation. To address these limitations, researchers
introduced regularization frameworks that incorporate higher-order derivatives and adaptive
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models [4, 5, 7]. Sobolev spaces with variable exponents W'?(*) have gained attention. These
spaces handle spatially varying regularity and enable more effective restoration of complex
images [3, 13, 23]. These models have demonstrated superior performance in scenarios where
image characteristics, such as edges and textures, vary significantly across the domain.

Image restoration plays a pivotal role in modern image processing and computer vision. It
addresses the challenge of reconstructing a clean image from degraded observations. This task
is particularly relevant in numerous practical applications, including medical imaging, satel-
lite imagery, and photography, where noise introduced during image acquisition can obscure
critical details. One widely studied noise model assumes additive Gaussian noise, expressed
as 0 = v +n, where 0 : O C R? — R is the observed noisy image, v is the original image, and
n ~ N(0,0?) where N represents the Gaussian noise with variance ¢>.

A common approach to image restoration is to formulate it as a minimization problem.
Specifically, we aim to recover v by minimizing a functional that balances two competing
objectives: regularization and fidelity to the observed data. Motivated by [13, 23], we introduce
the following functional:

1 A
min { Y (v :/—va(x)der—/ o—vzdx}, 1.1
omin {¥0) = [ S ivertas+ 3 [ 0= )
where the first term enforces regularization through a variable exponent Sobolev space W #(¥),
and the second term ensures fidelity to the observed image 0. The parameter A > 0 controls
the trade-off between regularization and data fidelity. Variable exponent spaces W'?(*) allow
the regularization to adapt to local image features. This enhances flexibility in modeling and

preserving edges and textures. The variable exponent function p(x) € C((}) satisfies:

1 < inf p(x) < p(x) <supp(x) <2 (1.2)
xeQ) xeO

The choice of p(x) is made adaptively as follows: near edges, p(x) is chosen to approach 1
to preserve the sharp transitions, while in homogeneous regions, p(x) is selected to approach
2. This choice results in an L2-like smoothing effect in smoother areas, which helps suppress
noise while maintaining edge integrity.

To solve this minimization problem numerically, many approaches have been used. Fixed-
point methods solve for v iteratively by reformulating the Euler-Lagrange equations associated
with the functional [22, 23]. Another approach, called the splitting-convexity method, divides
the energy ¥ in the minimization problem (1.1) into two parts: one convex trait explecitly
and the other concave traited implecitly [12]. Another method transforms the minimization
problem into a time-dependent partial differential equation. The solution is then approximated
using finite differences or finite element methods [11].

In this article, our goal is to demonstrate the effectiveness of the primal-dual algorithm to
solve the minimization problem in the context of variable exponent Sobolev spaces for image
restoration. The primal-dual algorithm utilizes the saddle-point reformulation of the problem,
and facilitate efficient and scalable computation. By framing the problem in a min-max setting,
the primal-dual algorithm alternates between updates to the primal and dual variables, and
it ensure convergence under appropriate conditions [2, 6, 8, 18]. As far as we are aware, the
use of the primal-dual algorithm in the context of variable exponent Sobolev spaces for image
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restoration represents a novel approach in this domain.

The rest of the paper is organized as follows. Section 2 provides the background setting,
including an overview of variable exponent Lebesgue-Sobolev spaces and the primal-dual
algorithm used in this work. Section 3 discusses optimization-based numerical methods for
solving the proposed model, with detailed explanations of the primal and dual problems and
their convergence. Experimental results are shown in Section 4. Finally, the paper is concluded
with a summary in Section 5.

2. Background setting

2.1. Variable exponent Lebesgue-Sobolev spaces. To address the minimization problem (1.1),

we first introduce certain functional spaces, namely LP()(Q), and W?()(Q), along with key
properties of the p(x)-Laplacian that will be useful later. Let M (Q)) be the set of all measurable
real-valued functions defined in (). Let first define the variable exponent Lebesgue space

LPX(Q) by
1P (Q) = {UEM / o dx<oo}
which equipped with the norm
x)
dx < 1} .

”UHLP(X)(Q) = inf{

is separable, reflexive and uniform convex Banach space [15].
We can also introduce the variable exponent Sobolev space W'?(*)(Q)) which defined by

WP () = {v e L™ (Q), |Vv| € Lp(")(Q)}.

WP (Q) equipped with the following norm
||u||wl,p(X)(Q) = IlvHLP(X)(Q) + ||vv||LP(X)(Q)

is also separable, reflexive and uniform convex Banach space [15].
Assume 0 < |Q)] < oo and let p1(x), p2(x) are tow variable exponents such that p;(x) < pa(x)

almost everywhere in (), then there exists a continuous embedding LP2(%)(Q)) — Lpl(x)( ).
Let p'(x) = p(px()le the conjugate exponent of p(x), for v € LF()(Q) and w € LV (QQ) the
Holder-type inequality holds i.e.:

[ 1ol dx < Cyllell o Il
We introduce the following exponent function for p*(x):

Np(x) .
p*(x) _ N+M if p(X) < N,
00 if p(x) > N.
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Theorem 2.1. [9] Let p(x) and q(x) be continuous functions on Q) such that 1 < p(x) < g(x) <
p*(x) and assume p(x) < N for all x € Q). Then there is a continuous embedding

WP (Q) < L1 (Q).
Moreover, if infq (p* — q) > 0, the embedding is compact.

Theorem 2.2. Assume that p(x) satisfies (1.2), then the minimization problem (1.1) has a unique
solution v € WHP()(Q)).

Proof. The proof is similar to [12, 22]

2.2. Primal-dual algorithm. This section reviews a convex optimization algorithm called the
Primal-Dual algorithm.
Let us consider the following minimization problem:

min I1(x) + ®(Ay) (2.1)

where IT: R" — RU {oo} and @ : R” — RU {co} are convex, proper, and lower semicontinu-
ous functions and A € R™*" is a bounded linear operator. Problem (2.1) is called primal prob-
lem. Based on the definition of Fenchel conjugate function for a function | : R”" — R U {oo},
denoted by J*, is defined as

J*(x) = sup{(y,x) = J(y)},

y
then the dual problem of the problem (2.1) can be written as
max —®*(y) — IT*(—'Ay) (2.2)
y

As discussed in [2, 6, 8, 18], the primal problem (2.1) and its dual problem (2.2) can be inter-
preted as a minmax formulation (called also generic saddle-point problem) as
i AXx, d(x) — IT 2.3
min max {{(Axy) + @) —IT(y)} (2:3)
Since the minmax formulation (2.3) has a coupled penalty term with respect to (x,y), it is
difficult to solve the problem jointly over (x,y) in many cases. To overcome this challenge,
Chambolle and Pock [6] proposed solving the problem alternately, by minimizing over one
variable (either x or y) while fixing the other variable, and performing only one outer iteration.
This leads to the following update rules:

X+ = (14 10®@) " 1(xF — Tt AYF)

Xer1 = Xep1 + 0 (X1 — Xk), (2.4)

Vip1 = (I+09I) 7 (y* — oAX)
where X is an auxiliary variable, and ¢, 7, and 0 are positive parameters controlling the step
sizes. Here 0 denotes the subgradient of a function | defined by 0](z) = {w : J(x) — J(z) >
(w,x—2z)}

The convergence of this algorithm is assured by the following theorem, and its proof can be
found in [6].
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Theorem 2.3. Assume that there exists a saddle point (x*,y*) of the primal-dual problem (2.3). If
® and 11 are convex, proper, and lower semicontinuous, and choose 6 = 1, T(T||A||2 < 1, then the
sequence generated by the algorithm (2.4) converges. Specifically, we have:

X = X5, yr—yS, as k— oo

The Primal-Dual method is employed to solve our convex minimization problem.

3. Optimization based numerical methods

In this section, we present the primal-dual optimization algorithm to solve our proposed
model based image denoising.

We assume that our discrete images have r x ¢ pixels, where r and c are the numbers of rows
and columns in the image, respectively. We define the discrete operator of the regularization
term in (1.1) that will be used in the numerical implementation. Let ¢ = (191, 192), we define

the discrete functional of fQ |Vv|p )dx as

ij)/
o], = 22 5 (@602 +0602)" ", G

We also represent the £*° norm as |[|#||cc = max;;{|8];;} We consider the discrete first-order
derivatives Dy and D, as operators from R"*¢ to R. The discrete gradient is Dv = (Dy v, D, v)
where Dy and Dy, are forward difference operators. Assume v;; = v(i,j) foralli =1---r and
j=1---c, we define:

D. v — Vij+1 — Vi iZl~~1’,1§j<C,
X l/] Ulll_vl,] i:]."'r,j:C/

D _ JVig1,j — Vij 1§i<r,j:1---c,
yVij = .
U1 — Vjj i=r,j=1---c

We define the discrete counterpart of energy functional in (1.1) as

min ZZ (Dv 24 (Dyv;;) >p”/2 &iiv —0; (3.2)
veERT*c¢ - 1] 1p1] x l] Y l] 2 :1 = Z] 1] :

We reformulate the proposed model (1.1) as a minimax problem to implement the Chambolle-
Pock primal-dual method. Set

C

r
2 Z Vij— 01]

i=1j=1

Av =Dv, TII(Av) = ||Dv||, and ®(v

N|>

Then ¥ (v) = I1(Av) + ®(v).
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U | pij/2
Lemma 3.1. Let 1 < p;; < 2, and A(v) = Y ) — ((Dx vi,]-)2+ (Dy vi,]-)2> """ Then, the

convex conjugate A*(z) of A(v), is given by:

Pi
ZZ—]ZU\‘“ with q;; = ,
i=1j=1 Pij -1

and |z;j| = | /23, +z, . ; is the Euclidean norm at each (i, j).

Proof. Let z = (zx,zy), assume that (Dv,z) = Y, 1}/, <(Dx Vij)Zy,ij + (Dy Ui,]-)zy,l-,]). The

convex conjugate A*(z) of A is

sup 4 (Dx v;j)zxj + (Dy vij)zy,j — i ((Dx vij)” + (Dy vif) ) : (3.3)

l)j,j

Let {x = Dy v;; and ¢, = Dy v; j, so (3.3) becomes:

171 Jj
sup {cxzx,i,ﬁcyzy,i,j (méy) }
x5y

Let zj; = (24,1, 2y,,j) and ¢ = (Gx, {y) with Euclidean norm ||G[|. The optimization becomes:

_ Pij
s%p{@zz» pIJIICH }

Using the Cauchy-Schwarz inequality, (¢,z;;) < [|¢]|]|z;||, and the supremum occurs when ¢
aligns with z; ;. Let [|¢]| = ¢, then:

1 .
sup 4 (¢, zij) — —||€||p” =sup q t||zjj|| — —t"7 5.
& Pi >0 Pi,

Define x(t) = t[|z; || — p%jtpf/f. Then «/(t) = ||z ]| — tPi=t «/(ty) = 0, for

pl/]
-1

to = ||Zl~/jH‘7i,j/Pi,j’ where ¢;; = ;
1]
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is the unique supremum of x because " (t) = —(p;; — 1)t~ forall 1 < p;; < 2.

e 1 o\ Pid 1 ,
K(to) = lzill - Nzi /P = — (llzgj 1577 ) ™" = — 12411,
Pij i

for each (i,j) € {1,---r} x {1,-- - c}. Hence, the convex conjugate A* is:

—||zlj||”71 where g; ; = c.
i=1j=11 pij—1

According to [21], the primal-dual formulation can be reformulated as a minmax problem
as:

. 1 y
min max {Z ) ( (vij— 0,-,]-)2 — (v, Divd; ;) — F|19i,]-|”7w - tlc(ﬂl"]')> } (3.4)
ij

veER™*¢ gekC i=1j=1

where ¢;; = (1911],192) € R? x R* is the dual variable. The convex set K is given by

K ={8;;: ||#;jll <1}. Note that the set K is the product of pointwise L? balls. The indicator
function x of the set K is defined as

0 ifd;; ek
i (8) = { v

oo  Otherwise.

Now, we can solve the primal dual schema (2.4).

Primal problem. For fixed 9, solve with respect to v:

min {i Z <%(U,"]' - Oi,j)2 <UZJ,D1V 19k >) } (35)

vERT*¢
It is a quadratic problem whose solution can given explicitly by optimality condition:
Avij —0if) +Div19§‘,]- =0, fori=1,---randj=1,---c
Using the gradient ascent method to solve it, we get

k k+1 _ k+1 iv o~
Vij Tl =T (A(Ui,j — 0i;) + Div ﬂiJ)

ok Ny ‘o gk
K _ vy +ATo;; + TDivd;;
i 1+ AT

v; (3.6)
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Dual problem. For fixed v*, solve with respect to

Iglea,%( {Z Z ( Uz]z DlV”z]> - ZJWZ]W” - lK(ﬂl])) } 3.7)

i=1j=
The first-order optimality condition for maximization is
k ii—2 _
Duj; — |#;,7778;; + duc(d5) = 0.

Note that the subgradient dic(#;;) = 0 when #;; € K. Again with gradient ascent method for
step size o > 0 and the projection method we have
i _ i o (Dol — 85,1178 (3.8)
v max(11|0i,j+a(Dvi,j - |‘9i‘(,j|qi’j_2‘9i‘<,j|)) .

Remark 3.1. Here, we used the gradient ascent to get the primal and dual updates, which are exactly
corresponding to the schema (2.4). Since the updating rule (3.8) based on the ascent algorithm to get

1 can be seen as an optimization problem in the form

o
1 .
k+1 ~ argmin {Z Y ( (vij — 0ij)* + E(vi’j — (vi-{/]- +TD1vﬁ§j)))}

]
i=1j=1
thus, we exactly get the first equation in (2.4) with A = V and ®(v) = 4||v — o3 as

k+1

1
= proxé(vk) = argnlljiknq)(vk) + —||v* — Div X3

v |

= (I1+79®) " (v* — Divd")

For the dual update 9, It is sufficient to set IT*(8) = A* () + 1xc(8) in (3.7), to get the second equation
in the schema (2.4).

Building on the two preceding subproblems (3.6) and (3.8), we outline the proximal-dual
method for solving problem (3.4) as in Algorithm 1.

Remark 3.2. In the Algorithm 1, We add the extrapolation variable © of the primal variable v to
accelerate and stabilize the update process [6].

It is easy to see that Il and & are closed and proper convex functionals. Then, based on
Remark 3.1, and Theorem 2.3, we have the following result.

Theorem 3.1. Assume that To < §, then the sequence {(v*, 8%)} in Algorithm 1 converges to the
saddle point (v*,9") of (3.4). In addition, v* is the solution of the minimization problem (1.1).

4. Numerical results
In all experiments, the noisy image o is degraded by Gaussian noise with variance c2. The

stopping criterion in Algorithm 1 is activated when the relative error falls below € = 1073 or
when the maximum number of iterations, Kmax = 100, is reached. The quality of the solution
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Algorithm 1: Primal-dual method for solving (3.4)

Input: The observed image o
Set parameters: A, 0, 7,0 =1,¢€

Initialization: 8° = 0, v0 = o
||vk+1

_ )k
while W{JH > e or k > Kmax do
1 vffj + Ato;; + TDiv 195-‘,]-
.. =
L] 1+ AT

=k _ L k+1 k+1 k
k. ok — |9k |92 gk,

gor oDk - (o1

, k n K 19, —2 ok

Y maX(1,|01’]+U(DU£]_ ‘ﬂl,]‘q’] 191,]‘))
k=k+1
end
Output: v;

is primarily assessed using the Signal-to-Noise Ratio (SNR) and Peak Signal-to-Noise Ratio
(PSNR), defined as follows:

IR — mean(R)|2 (max R)?
, PSNR(v,R) =101 .
L L

where mean(R) represents the average intensity of the reference image R, and max R denotes
the maximum possible pixel value in R, which is typically either 1 or 255. Additionally, we
evaluate the solution using the Structural Similarity Index Measure (SSIM), which is defined
as:

SNR(v,R) = 10log;,

(2uvpr + C1) (20, R + C2)
(M2 +p2 +C1) (024 0%+ C)’

where 1, and yg are the mean intensities of v and R, 02 and ¢ are their respective variances,
oy R is the covariance between v and R, and C; and C; are constants introduced for numerical
stability. The variable exponent function p(x) is adaptively defined using an edge detector to
balance regularization and feature preservation, as follows:

1
p(x) = max (1.1,1 + p— |VGg*v(x)\> ,

where G, is a Gaussian kernel with standard deviation ¢. The symbol * denotes convolution,
and € = 10~* ensures stability by avoiding singularities.
Near edges, where |V (G, % v)(x)| is large, p(x) ~ 1, promoting a TV-like behavior that pre-
serves edges. In smoother regions, smaller gradients lead to p(x) ~ 2, which applies an
L%-like smoothing effect to suppress noise. To avoid instability, we enforce a lower bound
of p(x) > 1.1, ensuring the conjugate exponent does not diverge. In Algorithm 1, we use

SSIM(v, R) =
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g(x) = min <%, qmax> , With gmax = 4, to control the conjugate exponent when p(x) is near
1 and maintain stable primal-dual updates.

Here, we evaluate the performance and effectiveness of our model in comparison to two
other models: the Total Variation model (TV) [6] and the Beltrami model [24]. The experiments
are conducted on four image sets: two grayscale images (Boat and Cameraman) with sizes
512 x 512 and 256 x 256, respectively, and two color images (Lena and Carole) with sizes
512 x 512 and 304 x 304, respectively. All images have pixel values in the range [0, 255].

In Figure 1(a), we show the original boat image, which serves as the ground truth for restora-
tion. The noisy image in Figure 1(b) is generated by adding Gaussian noise with variance 0.01.
The restoration result from our model is shown in Figure 1(c). Note that, the thin lines and
textures on the boat hull are well-recovered, and the overall visual quality remains sharp. This
demonstrates the ability of our model to balance noise reduction and detail preservation, which
is a key advantage of the p(x)-adaptive framework. The TV model restoration is presented in
Figure 1(d). While this method effectively removes noise using the [ |Vu|dx regularization,
it tends to oversmooth the image, resulting in a loss of fine details. For instance, the structural
features on the boat are blurred, and the overall texture appears less natural. The Beltrami
model restoration is shown in Figure 1(e). While this method introduces a geometric perspec-
tive with its [ \/1+ B?|Vu|?dx regularization, the results exhibit moderate noise reduction
but with significant oversmoothing. The finer details of the boat are not well-preserved, and
the restored image appears less sharp compared to the other methods. This suggests that the
fixed nonlinearity of the Beltrami regularization is less effective for complex scenes with mixed
features.
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(d) restored image by TV model (e) restored image by Beltrami
model

FIGURE 1. Denoising results: Beltrami, TV and Proposed denoising model ap-
plied to grayscale boat image degraded by gaussian noise with variance equal
0.01. Parameters in Algorithm 1 have been chosen as ¢ = 0.03, T = 0.06, and
A =15.

In Figure 2, we show the results of using different denoising models on the grayscale cam-
eraman image. The original image (Figure 2(a)) shows a classic scene, with smooth areas (like
the sky and grass) and sharp edges (such as the tripod and the profile of the cameraman). The
noisy image (Figure 2(b)) was created by adding Gaussian noise with a variance of 0.04. The
denoised result from our model is shown in Figure 2(c). As we can see, our model does a good
job of removing the noise while keeping important details, like the edges of the tripod and the
shape of the cameraman. The smooth areas, like the sky, are cleaned up with little distortion,
showing that our method works well on different parts of the image. Figure 2(d) shows the
result from the TV model. This method removes a lot of noise, but it also smooths out too
much, especially in the finer details, like the coat of the cameraman and the tripod. Also, some
noise is still visible in the smooth parts of the image, such as the sky, which shows that TV
has difficulty balancing noise reduction and detail preservation. Finally, Figure 2(e) shows the
result from the Beltrami model. Although this method reduces the noise, it smooths out too
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much in areas with small details and gradual changes, like the cameramans face and coat. The
smoothing also blurs the sharp edges, so the result looks less detailed compared to our model.

(d) TV model (e) Beltrami model

F1GURE 2. Denoising results: Beltrami, TV and Proposed denoising model ap-
plied to grayscale cameraman image degraded by Gaussian noise with variance
equal 0.04. Parameters in Algorithm 1 have been chosen as ¢ = 0.06, T = 0.05,
and A = 1.3.

We further evaluate the performance of the proposed denoising model on color images,
specifically the Carole (Figure 3) and Lena (Figure 4) images, both degraded with Gaussian
noise of variance 0.04. It is evident that our model outperforms the TV and Beltrami models
in color images. We can see from Figures 3 and 4 that our proposed model achieves a su-
perior balance between noise suppression and detail preservation. It effectively reconstructs
smooth regions without introducing artifacts and maintains the integrity of intricate textures
and edges. In contrast, the TV model struggles with oversmoothing, and the Beltrami model
fails to achieve adequate detail preservation, particularly in textured and gradient-rich regions.
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(a) original image

(d) TV model (e) Beltrami model

FIGURE 3. Denoising results: Beltrami, TV and Proposed denoising model ap-
plied to color Carole image degraded by Gaussian noise with variance equal
0.04. Parameters in Algorithm 1 have been chosen as ¢ = 0.07, T = 0.07, and
A =13
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(a) original image (b) noisy image (c) our model

(d) TV model (e) Beltrami model

FIGURE 4. Denoising results: Beltrami, TV and Proposed denoising model ap-
plied to color Lena image degraded by Gaussian noise with variance equal 0.04.
Parameters in Algorithm 1 have been chosen as ¢ = 0.06, T = 0.08, and A = 1.4.

In the table 1, we show that our model outperforms the Beltrami and TV models in terms of
denoising quality (SNR, PSNR, SSIM) and convergence speed.
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TaBLE 1. Performance comparison of the Beltrami, TV, and proposed denoising
models applied to four test images. The values for SNR, PSNR, and SSIM, as well
as the number of iterations, favor our model. Additionally, our model converges
in fewer iterations compared to the TV and Beltrami models.

Beltrami model TV model Our model Noisy image
SNR PSNR SSIM Iter SNR PSNR SSIM Iter SNR PSNR SSIM Iter SNR PSNR SSIM
Boat 22472 27.86 0.708 50 23.223 28.60 0.7002 50 24.084 29.503 0.768 44 14913 20.121 0.334
Cameraman 18.951 24.580 0.678 72 18.951 24.638 0.666 70 23.408 29.404 0.803 54 9.650 14.737 0.182
Lena 21.346 27.623 0948 47 22.785 28952 0952 47 25.033 30.482 0.971 38 9.880 14.670 0.541
Carole 23.355 28.164 0912 29 22123 24.824 0893 38 24506 29.70 0944 27 10.807 15.194 0.418

131

In the three boxplots (Figure 5, we compare the performance of the three denoising models
using thee three different metrics: SNR, PSNR, and SSIM. We can see that our model (repre-
sented by the third box) has the highest median value and a smaller spread, which indicate
that it provides the best noise reduction.

FIGURE 5.
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In this paper, we proposed a novel image denoising method based on a primal-dual al-

gorithm within variable exponent Sobolev spaces W'?(¥). This approach adapts to local im-
age features, reducing noise while preserving edges and textures. Numerical experiments on
grayscale and color images demonstrate that our method outperforms traditional total vari-
ation and Beltrami models in terms of denoising quality, based on SNR, PSNR, and SSIM
metrics. Furthermore, the proposed approach achieves faster convergence, making it suitable
for practical applications.
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